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Relative phase velocity along spiralarm ps = g (half-opening angle of cone @o). Pitch 


angle of spiral line @ = 80 degrees. |—1 GHz; OQ—1.5 GHz: x—2? GHz; +—2.75GHz. 


tions, depending strongly on the phase 
velocity p, relative to the free-space 
velocity ¢o, lead to unsatisfactory pattern 
forms. Because of the conical form of this 
antenna, the method of phase measurement 
in the near field using simple shorting rings, 
proposed by Wu [8], could not be applied 
here. So we used the technique with a 
probe whose backscattered signal was 
modulated by light [4], [5]. The antenna 
models on which the measurements were 
performed [6] consisted of a cone of 3.0 em 
upper truncation diameter, 20 cm height, 
and with 2.5 cells of arm length [7]. The 
half-opening angle of thecone varied between 
3 and +45 degrees, corresponding to the 
spherical coordinate system [1], as shown in 
Fig. 1. The operating frequency varied be- 
tween 1 and 2.75 GHz. The relative phase 
velocity on the spiral arm is ps. In Fig. 1 
the slow-wave character of this foil-type 
antenna is shown very well; ps remains 
lower than 0.76 in the interval named 
above. In the region 4 degrees <@ <15 
degrees, p. is rather constant (smaller 
frequency dependence), a fact which has 
been stated elsewhere [8]. 

The far-field forms of Eg and Ba, caleu- 
lated by using the p, values shown in 
Fig. 1, gave more efficient results [9] than 
those in [1]. If @ increases more (>15 de- 
grees), the ps curves have greater di- 
vergence. In the lower @ region (<4 
degrees) the measurement gave rather 
deviating values, however, and a helical- 
like behavior can be expected, which was 
investigated on a dielectric loaded helix by 
Chu and Kileoyne [10}. 

The equation of the curves of Fig. 1 
can be approximated to an accuracy of 
4 percent by the following equation: 


pe = 0.327 exp (—a-6o) + B-80 + D,” 


where a = 0.31, p.’ = 0.42, and 6 depends 
on the frequency as shown in the following 
table: 


2.75 


f/GHz 1.00 1.50 2.00 
b 0.00168 0.00312 0.0046 0.0069 


In any case it must be noted that the 
statement p- 1, given by McClelland 
{l1] for a tube-type logarithmic spiral 
antenna, cannot be transferred to the foil 
type which is self-complementary in de- 
sign {12}. 


III, Conciusion 


It appears more effective to achieve size 
reduction of the antenna [13] to half of its 
length by choosing a loading material with 
n= crus = 12, which corresponds to the 
Psz, the phase velocity (relative) 0.07 in the 
z direction of the antenna, the rotation axis 
of the cone. 
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The Admittance of Infinite 
Cylindrical Antennas 


Some time ago the author developed a 
technique for the accurate theoretical deter- 
mination of the admittance of cylindrical 
antennas driven from a coaxial line [1]. 
An important parameter in this theory 
(and in its subsequent application to finite 
length dipole antennas [2]) is the admittance 


961. ‘ ; 

[3] P. R. Wu, “On the measurement of a bifilar of an infinite antenna Y; when the source 
Ep eery Looe uate a eee elicit of the fields is taken to be a frill of magnetic 
vol. AP-15, pp. 700-701, September 1967. current 

(4] R. Anders and R. Wohlleben, ‘Ein einfaches 
MeBsystem nach dem Rickstreuverfahren zur 2V 
Untersuchung des Antennennahfeldes nach —- ~——-,, a<r<b2z2=0 
Betrag. Phase und Richtung,” Proc. URSI- La(r) = rin (b/a) 

NTG-Tagung Antennen und elektromagnetische 

Felder (Darmstadt, Germany, 1967). Frank- nee 

furt, Germany: VDE-Verlag, 1968, pp, 35-37. 0, r> b, z= 0. 

Tass I 
ADMITTANCE OF INFINITE ANTENNAS* 
b/a 
ka 1.2 1.6 2.0 3.0 4.0 

0.02 4.51 4+ 73.88 4.51 4+72.385 4.51 + 72.25 4.51 +72.09 4.51 +71.96 
0.04 5.444 74.85 5.444 73.34 5.44473.10 5.444+72.81 5.444 172.55 
0.06 6.174 75.70 6.17 +74.12 6.17 473.78 6.164 73.27 6.15 + 72.95 
0.08 6.804 76.72 6.79 +74.83 6.79 +74.385 6.78 4+73.75 6.77 + 73.28 
0.10 7.364+77.44 7.364+75.42 7.36+74.85 7.344 74.00 7.31 + 73.45 
0.12 7.89+78.24 7.894+75.98 7.88475.28 7.85 474.26 7.81 + 723.60 
0.14 8.39+28.93 8.394 76.61 8.384 75.69 8.34474.49 8.27 +73.70 
0.16 8.874+79.56 8.864+77.01 8.85 +726.04 8.79+24.67 8.694 73.77 
0.18 9.383 +71.02 9.32 +77.42 9.30+76.37 9.22+74.83 9.09 + 73.81 
0.20 9.78 472.47 9.764 77.8 9.744+76.68 9.644+ 74.94 9.46 + 73.80 


* Y;z in millimhos, 
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COMMU NICATIONS 


The resultant equation for Vy was shown to 
be 


Qin 
Zo{In (b/a)}? 

{ Jo(vka)Vo(vkb) ~— Jo(vkb) ¥o(vka) }? a 
[" wVv? — 1 { Jo2X(vka) + rae 


‘ 


However, no numerical results were pub- 
lished. Therefore, in Table I some values of 
Y; as a function of ka, 6/a are given. The 
numerical integration procedure is straight- 
forward and has been discussed adequately 
in the literature [8]. 
D. V. Orro! 
ElectroScience Lab. 
Dept. of Elec. Engrg. 
Ohio State University 
Columbus, Ohio 43212 
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Electromagnetic and Optical 
Behavior of Two Classes of 
Dielectric Lenses 


Abstract—Two families of spherically 
symmetric dielectric lenses are considered. 
Their optical properties are studied, and the 
radial eigenfunctions describing the elec- 
tromagnetic field inside the lenses are 
found in terms of hypergeometric functions. 
Among the members of these two families 
are the Luneburg lens, the Maxwell fish- 
eye, the isotropic lens of Eaton, and a lens 
that behaves like a metal reflector. 


In the following we consider two families 
of dielectric lenses with spherical symmetry 
in which the refractive index N(z) = 
V e(z) is a continuous function of the nor- 
malized radial distance x = r/a from the 
center of the lens and matches the free- 
space value of unity at the rim r = a of the 
lens, i.e., V(1) = 1. From the optical point 
of view a ray enters the lens at P, with an 
angle of incidence a; it is smoothly deviated 
along the path PiP, and leaves the lens at 
P, (see Fig. 1). We indicate by R the optical 
length of the path P,P: (normalized to the 
radius a of the rim), by @ the angular exten- 
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Fig. 1. 


Geometry for the optical ray path. 


sion of the path as seen from the center 

= 0, and by 6 the deviation of the ray at 
P, from the direction of incidence. From the 
electromagnetic viewpoint the field inside 
the lens can be expressed as a sum of TE 
and TM modes by a well-known extension 
of the vector wavefunction method of Han- 
sen and Stratton (see, for example, [1]). 
Thus the problem is reduced to the solu- 
tion of the two differential equations 


La [sew = MOD] gS 0. a) 
dx? x? 

@L, _ (2) aT 

dx? e(z) dx 


# [ ew) _ ne] T,=0 (2) 


where } = ka, k is the free-space wave- 
number, 7 is a positive integer, and S, and 
T,, are the radial eigenfunctions correspond- 
ing respectively to the TE and TM modes. 
For dielectric lenses we need those solu- 
tions S, and 7, of (1) and (2) which are 
finite over 0 < x < 1. For this reason the 
exact solutions of (1) and (2) are usually 
needed even if high-frequency estimates of 
the field are desired because direct asymp- 
totic expansions of S, and 7',, such as the 
WKB solutions, are usually not uniformly 
valid over the entire interval 0 < zx < 1. 

The first class of lenses is described by the 
refractive index 


N(x) = gib-l (2 — prbye2 (3) 


where 6 is any positive real constant. It 
embodies the Luneburg lens (b = 1) and 
the isotropic Eaton lens (6 = 2). All these 
lenses have the following optical properties: 


B= b(F + cos a) 
@ = b(r — a) (4) 
6 = x(b — 1) + a(2 — 3). 


The solution S,°" of (1) with « = N? given 
by (8) which is finite in 0 < x < Lis 


Sn (zx) = get exp (- 2 nat) 
bk 1 ; 
m(G+g(a+3 = r); 
1+ (» + 5) ona) (5) 


where iF; is the confluent hypergeometric 
function. In the particular case b = 1 solu- 
tion (5) coincides with the result of Tai [1]. 
The corresponding solution 7," of (2) 
cannot be expressed in terms of well-known 


Fig. 2. 


The lens, c = 2, 


functions. With the substitution y = z?%, 
(2) becomes 


aT, b 1 aT, 
dy? : 2y * 2- -) dy 
Pane 


1) ~ nin + ee 
=0. (6) 
This can, in turn, be reduced to the differen- 
tial equation for generalized hypergeometric 
functions, which can be solved by power 
series expansions as done by Tai [1] for the 
particular case b = 1. 
The second class of lenses is defined by 
Dxelie—1 


NG) Fic a (7) 


where ¢ is any positive real constant. It em- 
bodies the Maxwell fisheye (¢ = 1). The 
lenses of this family have the following opti- 
cal properties: 


R= xe 
6 = 7C (8) 
6 = ar(c — 1) + 2a. 


The lens corresponding to c = 2 presents an 
interesting feature: any optical ray entering 
the lens at P; bends around the center of the 
lens and exits at P; after an optical path 
R = 2x which is independent of the direction 
« of incidence (see Fig. 2). Thus in the ideal 
optical limit (lossless dielectric and \ > ~) 
and aside from an irrelevant phase shift, 
the lens c = 2 behaves like a metal sphere 
of radius a. 

The solutions S,Y of (1) and 7"! of (2) 
with ¢ = N? given by (7) which are finite in 
0<2z <lare 


S, (xz) = grt (a+ grey? 
P, ¢ +e (n af 5) 
1 j 
Ite (» + 5) -s*) (9) 


T(x) =r (Bieyy FL 1/2( 7 + g2'cje~) 
oF (68 + y+ v4.8 + vy 43 


1+ 2Qy_; —x%e) (10) 


V1 + 4d? (41) 


1 2 
leer cs, (12) 


